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Abstract
Almost thirty years ago Coleman made a conjecture that for any convex lattice polygon with v vertices, g (g1) interior lattice
points and b boundary lattice points we have b2g − v + 10. In this note we give a proof of the conjecture. We also aim to describe
all convex lattice polygons for which the bound b = 2g − v + 10 is attained.
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1. Introduction
We start with some basic deﬁnitions. A lattice point in the plane is a point with integer coordinates. The set of all
lattice points is denoted by Z2. A lattice segment is a line segment whose endpoints are lattice points. A lattice segment
u has lattice length k if u ∩ Z2 consists of k + 1 points. Any line passing through two lattice points is called a lattice
line. A lattice polygon is a simple polygon whose vertices are lattice points. A convex lattice polygon with k vertices
will be called a k-gon. The set of all k-gons is denoted by Pk . We refer the reader to [5–7,14] where many references
and many interesting problems dealing with lattice polygons can be found.
By v = v(K), b = b(K) and g = g(K) we denote the number of vertices, the number of boundary lattice points, and
the number of interior lattice points, respectively, of a lattice polygon K. The number G = G(K) = b(K) + g(K) will
be also used here.
The problem of ﬁnding relationships between the numbers v, b, g and G is of great interest and has been investigated
by many authors and in different settings (not only for the square lattice), see among others [1–16].
To formulate the subject of this note recall some deﬁnitions. An afﬁne transformation is a linear transformation
followed by a translation. A unimodular transformation is one that preserves area. If the entries of the matrix cor-
responding to a unimodular transformation are integers then the transformation is known as an integral unimodular
transformation. Such a transformation has the property that it preserves convexity and the number of lattice points in
a set.
Two lattice polygons are said to be lattice equivalent if one can be transformed into the other via an integral unimodular
afﬁne transformation.
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Fig. 1. Unique triangle attaining Scott’s bound.
Scott [13] obtained the following bound for the number of lattice points on the boundary of a convex lattice polygon
with interior lattice points.
Theorem 1. For any convex lattice polygon K with interior lattice points we have b(K)2g(K) + 7, with equality
only for the triangle in Fig. 1 or a lattice equivalent triangle.
Slightly later Coleman [2] considered a similar problem phrased in terms of a game played on a so-called geoboard,
that is, a ﬂat piece of wood with small nails hammered in at lattice points. Using different method from that of Scott he
obtained the same bounds for triangles as in Theorem 1.At the end of his paper Coleman made the following interesting
conjecture—cf. [14, p. 763].
Conjecture 2. For any convex lattice polygon K with interior lattice points we have
b(K)2g(K) − v(K) + 10. (1)
It is an immediate consequence of Scott’s theorem that the conjecture is valid for v = 3 and v = 4. Rabinowitz [12,
p. 110] claims to show its validity for v = 5 in his Ph.D. Dissertation. In the very next sentence he also states that,
quote: “Coleman and Sathaye have reported [personal correspondence] that they have proven it for arbitrary v”. In our
correspondence Coleman did not conﬁrm the information whereas Sathaye did. However, neither of them has ever sent
us any material related to the problem, in particular a copy of their unpublished proof. As far as we can tell, no proof of
the conjecture has been published yet. The purpose of this note is to give a proof of Coleman’s conjecture for arbitrary
v. Our proof employs the notions of the interior hull investigated by Rabinowitz in [12] and the outer hull introduced
recently in [9]. On our way to prove Coleman’s conjecture, we alternatively establish Scott’s theorem. It is also our
aim to describe all convex lattice polygons for which we have equality in (1) and lower—in special cases—the bound
2g(K) − v(K) + 10.
2. Basic facts and proofs
Among the key concepts used in this note are the interior and the outer hulls of a convex lattice polygon.
Deﬁnition 3. The interior hull of convex polygon K in the plane, denoted by H(K), is the convex hull of the lattice
points in the interior of K.
Note that the interior hull H(K) may degenerate into a segment, a point, or even the empty set.
Assume now that H(K) is a lattice polygon (hence by our deﬁnition a non-degenerated polygon) and u is an edge of
H(K). By h(u) we denote the open halfplane bounded by the line containing u that is exterior to H(K). Recall from
[12] two very useful facts. The ﬁrst one says that for any edge u of H(K) the open halfplane h(u) contains at most
two vertices of K. The other states that if h(u) contains two vertices of K, then the lattice segment joining the vertices
is parallel to u. These two facts lead to the following deﬁnition.
Deﬁnition 4. If H is a convex lattice polygon, then the closed convex region bounded by lattice lines parallel to the
edges of H, exterior to H, and closest to H is called the outer hull of H, and is denoted by O(H).
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We want to emphasize the fact that O(H) is deﬁned only when H is a (non-degenerated) lattice polygon. Let us note
that the outer hull of a v-gon is a convex (but not always lattice) polygon with k vertices, where kv, see [9].
The notion of the outer hull is very helpful in locating the vertices of a convex lattice polygon K when its interior
hull H(K) is a given convex lattice polygon. One can see that the following is true.
Fact 5. When the interior hull H of a convex lattice polygon K is a lattice polygon, then the vertices of K are located
on the boundary of O(H(K)).
In connection with Fact 5 the following procedure of cutting away vertices of the outer hull was introduced in [9].
We will use the procedure to describe some convex lattice polygons satisfying (1) with an equality.
Deﬁnition 6. Let K be a convex lattice polygon. By cutting away a vertex X of K we mean an operation that replaces
K by the polygon cl(K\X), where X is the triangle with vertices at X and its closest lattice points lying on the edges
adjacent to X.
Deﬁnition 7. Let K be a convex lattice polygon with non-empty interior hull H(K). We say that K admits a trimming
at its vertex X if X ∩ H(K) = ∅, and admits a proper trimming at its vertex X if in addition we have
v(cl(K\X)) = v(K) + 1.
It will be helpful to observe that K admits a proper trimming at X only when the vertices of X, different from X, lie
in the relative interiors of the edges of K which are adjacent to X.
Our ﬁrst lemma simply follows from Fact 5 and the above deﬁnitions.
Lemma 8. Let K be a convex lattice polygon such that its interior hull H(K) is also a lattice polygon. If Coleman’s
conjecture is true for O(H(K)), then it is also true for K.
The subsequent two lemmas will be very useful.
Lemma 9. Suppose that H is a convex lattice polygon with an interior lattice point A. Let u be a lattice segment on
the boundary of H having lattice length 1. Then the interior of the cone
cone(A, u) = {(1 − )A + D : D ∈ u, 0}
contains at most one lattice point from the boundary of O(H).
Proof. Denote by A1 and A2 the endpoints of u. Further, denote by l0 the lattice line containing u and by l1 the closest
parallel lattice line to l0 in h(u), see Fig. 2 below. If there were two lattice points, say B1 and B2, from O(H) in the
interior of cone(A, u), then they would have to lie on l1.
Since every convex lattice pentagon must contain an interior lattice point, see [4], the pentagon AA1B1B2A2 would
have to contain a lattice point, say C, in its interior. Clearly, the only possible placement of C would be in the interior
of the triangle AA1A2. We may assume that C is closest lattice point to u. The convex lattice pentagon CA1B1B2A2
would have to contain a lattice point in its interior. Again, the only possible placement of the lattice point would be in
the interior of the triangle CA1A2, but this cannot happen because of the choice of C. This completes the proof. 
Fig. 2. Illustration of Lemma 9.
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Lemma 10. Let K be a convex lattice polygon such that its interior hull H(K) contains a lattice point in its interior.
Then
b(K)2b(H(K)).
Proof. Take a lattice point A from the interior of H(K) and all b(H(K)) lattice segments u of lattice length 1 from
H(K). Clearly
O(H(K)) ⊂
⋃
{cone(A, u) : u ⊂ H(K)}.
Interiors of the cones in the above union are pairwise disjoint sets. Applying now Lemma 9 we simply obtain
b(O(H(K)))2b(H(K)). This together with the inequality
b(K)b(O(H(K)))
which simply follows from Fact 5 implies
b(K)b(O(H(K)))2b(H(K)) (2)
and ends the proof. 
The assumption that the interior hull H contains interior lattice points is essential in Lemma 10. The reader can easily
check that the outer hull of the triangle with vertices (0, 1), (0, 0) and (1, 0) does not satisfy the lemma.
We plan to use here some properties of the function
g(v) = min{g(K) : K ∈ Pv}
examined in [12]. It follows immediately from the deﬁnition that g(K)g(v(K)). One can simply check that the
function is non-decreasing. A few ﬁrst (up to v = 10) values of the function g(v) are given in [12]. The reader can
ﬁnd there also some upper and lower bounds for g(v) when v11. It has been recently shown by D. Olszewska that
g(11) = 17. In the next lemma we shall use one of the known lower bounds for g(v), namely g(v)v − 4 whenever
v7.
Lemma 11. If K is a convex lattice polygon such that H(K) contains a lattice point in its interior, then Coleman’s
conjecture is true for K.
Proof. Let K be a v-gon for which g(H(K))1. Apparently, inequalities (2) are satisﬁed for K. Substituting the
following obvious relation
b(H(K)) = G(H(K)) − g(H(K)) = g(K) − g(H(K))
into (2) we obtain
b(K)b(O(H))2b(H(K)) = 2g(K) − 2g(H(K)). (3)
We ﬁrst consider the cases when v(K)12. In all of the cases, from (3) we get
b(K)2g(K) − 2g(H(K))2g(K) − 22g(K) − v(K) + 10.
Thus, Coleman’s conjecture is satisﬁed for all convex lattice polygons K with at most 12 vertices and at least one lattice
point in the interior of H(K).
Suppose now that v(K)13. From [12, The Interior Hull Vertex Inequality] we have
v(H(K))
⌈
v(K)
2
⌉
7.
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Using this, monotonicity of the function g(v), and the inequality g(t) t − 4 valid whenever t7, we obtain
g(H(K))g(v(H(K)))g
(⌈
v(K)
2
⌉)

⌈
v(K)
2
⌉
− 4. (4)
By substituting the estimate from (4) into (3) we get
b(K)2g(K) − 2g(H(K))2g(K) − 2
(⌈
v(K)
2
⌉
− 4
)
2g(K) − v(K) + 8.
Thus, Coleman’s conjecture is true for K. The proof is complete. 
Note that Lemma 11 completely takes care of Coleman’s conjecture for v-gons, when v9. Indeed, the interior hull
of any v-gon, v9, is a k-gon, k5, and any such a k-gon contains an interior lattice point. So, for v9 the validity of
Coleman’s conjecture follows from Lemma 11. Therefore, it remains to consider only such v-gons for v ∈ {3, . . . , 8}
whose interior hulls do not have interior lattice points. This will be done in next lemmas.
Lemma 12. If K is a v-gon with g, g2, collinear interior lattice points, then Coleman’s conjecture is true for K.
Proof. Let K be a v-gon with collinear interior lattice points. It is a well-known fact that for v7 interior lattice points
cannot be collinear, cf. [12, Proposition 2.6]. This observation restricts possible values of v to the set {3, 4, 5, 6}. In a
similar way as in [11, The x-axis Lemma] we can use an integral unimodular afﬁne transformation to map our v-gon K
into a v-gon K ′ with collinear set H(K ′) of interior lattice points lying on the positive part of the x-axis with the ﬁrst
point at (1, 0). Since in this case the outer hull of H(K ′) is undeﬁned, consider the familyMv ⊂ Pv consisting of all
v-gons M for which H(M) = H(K ′). Of course K ′ ∈Mv .
As
b(K) = b(K ′) max{b(M) : M ∈Mv},
in order to prove the lemma, it is enough to show that
max{b(M) : M ∈Mv}2g(K) − v(K) + 10.
This will be done by considering all cases related to the possible values of v.
Clearly, every M ∈ Mv is contained in the strip bounded by the lines y = −1 and y = 1. Apparently, there are
polygons M ∈Mv which do not contain the points (0, 0) and (g + 1, 0). However, every such a polygon is contained
in another polygon fromMv which contains these points and clearly has more boundary lattice points. Since we are
looking for lattice polygons fromMv with the most boundary lattice points it is therefore natural to narrow our search
to such polygons M ∈Mv which contain the points (0, 0) and (g + 1, 0) on its boundary. Moreover, if necessary, we
can apply a shear about the x-axis, that is, a transformation of the type
x′ = x + ky,
y′ = y,
where k ∈ Z, to map the left vertex of M ∈ Mv lying on the line y = 1 into the point (0, 1). Of course, such a shear
leaves the point (0, 0) unchanged. Thus, in addition, we can assume that every polygon M ∈ Mv has an edge on the
line x = 0.
Taking into account all conditions imposed on the members ofMv we see that in the case ofM3 the most boundary
lattice points are contained by triangle Tg , g2, with vertices (0, 1), (0,−1) and (2g + 2,−1) having 2g + 6 such
points. This simply gives
b(K) max{b(M) : M ∈M3} = b(Tg) = 2g(K) + 6 = 2g(K) − v(K) + 9.
Now we consider the familyM4. One can easily check that in this case the most boundary lattice points occur when we
pick any quadrilateral Qng with vertices at (0, 1), (0,−1), (2g − n + 1,−1) and (n + 1, 1), where g2 and 0ng.
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For any Qng , including the rectangle Q
g
g , we have b(Qng) = 2g(K) + 6. It is clear now that
b(K) max{b(M) : M ∈M4} = b(Qgg) = 2g(K) + 6 = 2g(K) − v(K) + 10.
Denote by Png , g2, 0ng, any pentagon that can be obtained from Qng by cutting away one vertex at which Qng
admits a proper trimming. Such a pentagon Png has the most boundary lattice points among members ofM5. Hence,
in the case when v(K) = 5, we have
b(K) max{b(M) : M ∈M5} = b(P gg ) = 2g(K) + 5 = 2g(K) − v(K) + 10.
Similarly we denote by Hng , g2, 0ng, any hexagon obtained from Png by cutting away one vertex at which Png
admits a proper trimming. Every Hng contains the most boundary lattice points among polygons fromM6. Thus for
any convex lattice hexagon K with collinear interior lattice points it holds that
b(K) max{b(M) : M ∈M6} = b(Hgg ) = 2g(K) + 4 = 2g(K) − v(K) + 10.
The proof is complete. 
Lemma 13. If K is a convex lattice polygon with one interior lattice point, then Coleman’s conjecture is true for K.
Proof. An argument similar to that in the proof of Lemma 12 allows us to assume that K has edges on x=0 and y=−1
and the interior lattice point is at (1, 0). Now, one can immediately see that K must be a subset either of the triangle
given in Fig. 1 or the triangle with vertices (0, 1), (0,−1), (4,−1), or quadrilateral Q1 whose vertices are at (0, 1),
(0,−1), (3,−1), (1, 1), or square S1 with vertices at (0, 1), (0,−1), (2,−1), (2, 1). Obviously, Coleman’s conjecture
is true for the sets listed here and therefore it is also true for K. 
We recall now a deﬁnition of the lattice width of a convex lattice polygon K. For an edge e of K denote by l0 the
lattice line containing e. By l1 denote the lattice line which is parallel to and closest to l0 and lies on the side of l0
which contains K. By l2 denote the next parallel lattice line which is closest to l1. In a similar way we deﬁne lj for
j3. Clearly, the lines obtained in this way are parallel and the distance between lj and lj+1 is the same for every j.
We say that K has t = t (K, e) width with respect to e if K ∩ lt = ∅ but K ∩ lt+1 =∅. Note that for an edge e parallel to
the x-axis t (K, e) is just the vertical width of K, that is, the distance between two horizontal support lines of K. Lattice
polygon K is said to have w = w(K) width if
w = w(K) = min{t (K, e) : e ⊂ K}.
We extend the deﬁnition to non-polygonal lattice sets by putting w(P ) = 0 when P ∈ Z2 or P is a lattice segment.
Using the width notation we can state that Lemma 11 covers almost all convex lattice polygons K for which
w(H(K))2. To close the case w(H(K))2 we need to check if Coleman’s conjecture is true for convex lattice
polygons K such that H(K)=2, where2 is the triangle with vertices (1, 0), (3, 0) and (1, 2). It can be easily veriﬁed
that Coleman’s conjecture is true forO(2), and hence, by Lemma 8, it is also true for everyKwithH(K)=2. Lemmas
12 and 13 cover all the cases when w(H(K)) = 0. Now we shall establish the remaining case when w(H(K)) = 1.
Lemma 14. If K is a convex lattice polygon with interior hull H(K) of lattice width 1, then Coleman’s conjecture is
true for K.
Proof. Since every convex lattice polygon with at least 9 vertices has lattice width at least two (see the comment
following Lemma 11), the conditions of the lemma are satisﬁed when v ∈ {3, . . . , 8}. Suppose that K satisﬁes the
conditions of the lemma. Similarly as in the proof of Lemma 12 we can transform K into K ′ in such a way that edge
e for which w(K) = t (K, e) is transformed into a lattice segment on the line y = −1 and the interior lattice points lie
on the lines y = 0 and y = 1 with two vertices of H(K ′) at (1, 0) and (1, 1). Denote additional vertices of H(K ′) by
(k, 1) (it might happen that k = 1) and (g − k, 0), g − kk. Since H(K ′) is a non-degenerated polygon, its outer hull
O(H(K ′)) is well-deﬁned. Apparently, it has edges on the lines x = 0 and y = −1 and is bounded by the line l passing
through points D1 = (k + 1, 1) and D2 = (g − k + 1, 0). In the case when k = 1 and g = 3 the outer hull O(H(K ′))
is the triangle with vertices (0,−1), (4,−1) and (0, 3) and clearly Coleman’s conjecture is true for it. In all other
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cases O(H(K ′)) is contained in the strip between the lines y = −1 and y = 2. Clearly, line l cannot intersect the line
x = 0 below the point (0, 2) because then O(H(K ′)) would not be a lattice polygon and no lattice polygon K ′ (and in
consequence also K) would exist. It is easy to check that if l goes through (0, 2) (which happens when g=3k+1), then
O(H(K ′)) is a triangle with third vertex at (g+2,−1). The outer hull O(H(K ′)) has then g+8 boundary lattice points
and obviously satisﬁes Coleman’s conjecture. In the remaining cases l intersects the line y = 2 at a point (t + 1, 2),
t0. Then O(H(K ′)) is a quadrilateral with fourth vertex at (2g − 3k + 1,−1). Counting slope of l one can ﬁnd that
t = 3k − g. Now it is easy to check that
b(O(H(K ′))) = (2g − 3k + 2) + 2 + 2 + (t + 2) = g + 8
and Coleman’s conjecture is satisﬁed for O(H(K ′)). By Lemma 8 it is also satisﬁed for K. 
The lemmas proved in this section cover all convex lattice polygons with at least one interior lattice point. We are
now in a position to formulate the main result of this paper which simply follows from our lemmas.
Theorem 15. For any convex lattice polygon K with interior lattice points we have
b(K)2g(K) − v(K) + 10.
3. Final remarks
1. Note that our method of working with the interior and the outer hulls provides an alternative way (different from
that of Scott and Coleman) of proving Scott’s Theorem. However, by using Scott’s Theorem it would be possible to
shorten the proof of Lemma 14. Indeed, the outer hulls considered there are triangles and quadrilaterals for which
Coleman’s conjecture is true by Theorem 1. Therefore, by Lemma 8, Coleman’s conjecture is also true for K.
2. The equality in (1) is attained for inﬁnitely many classes of equivalent convex lattice polygons. In addition to the
triangle given in Fig. 1 it is attained for quadrilateral Q1 and square S1 deﬁned in the proof of Lemma 13 as well as
any pentagon P1 obtained either from S1 or Q1 by cutting away one vertex at which the sets admit a proper trimming.
It is also achieved for each hexagon H1 obtained from any P1 by cutting away one vertex at which P1 admits a proper
trimming. Moreover, the equality in (1) is attained for quadrilaterals Qng , pentagons Png and hexagons Hng (deﬁned
in the proof of Lemma 12). Of course, it is satisﬁed for all polygons which are lattice equivalent to the listed above.
Analyzing our proof one can see that we have listed all convex lattice polygons satisfying (1) with an equality. It is
probably worth noticing that the equality in (1) is attained only when w(H(K)) = 0.
3. From the proof of Lemma 11 it follows that with any improved lower estimate of the function g(v) one can lower
the bound for boundary lattice points in a convex lattice polygon. We illustrate the idea in the case when v(K)19.
Then
v(H(K))
⌈
v(K)
2
⌉
10.
Thus, we can apply Proposition 6.6 from [12] to get
g(H(K))
⌈
3
2
⌈
v(K)
2
⌉⌉
− 6
and next obtain
b(K)2g(K) − 2g(H(K))2g(K) − 2
(⌈
3
2
⌈
v(K)
2
⌉⌉
− 6
)
2g(K) −
⌈
3
2
v(K)
⌉
+ 12.
Of course, for sufﬁciently large v, the bound 2g(K)− ⌈ 32v(K)⌉+ 12 is lower than 2g(K)− v(K)+ 8 obtained in the
proof of Lemma 12.
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4.As is mentioned above any new better estimate for g(v) gives rise to a better bound for b(K). Coleman pointed out
that the bound 2g(K) − v(K) + 10 was “probably much too large for large value of v”. We also believe that for large
v the bound can be signiﬁcantly lowered. It would be nice to ﬁnd better bounds for b(K) when v(K) is large enough.
References
[1] J.R. Arkinstall, Minimal requirements for Minkowski’s Theorem in the plane I, Bull. Austral. Math. Soc. 22 (1980) 259–274.
[2] D.B. Coleman, Stretch: a geoboard game, Math. Mag. 51 (1978) 49–54.
[3] R. Ding, K. Kołodziejczyk, G. Murphy, J.R. Reay, A fast Pick-type approximation for areas of H-polygons, Amer. Math. Monthly 100 (1993)
669–673.
[4] E. Ehrhart, Propriétés arithmo-géométriques des polygones, C. R. Acad. Sci. Paris 241 (1955) 686–689.
[5] P. Erdös, P.M. Gruber, J. Hammer, Lattice Points, Longman, Essex, 1989.
[6] P. Gritzmann, J.M. Wills, Lattice points, in: P.M. Gruber, J.M. Wills (Eds.), Handbook of Convex Geometry, Elsevier Science Publisher,
Amsterdam, 1993, pp. 765–797.
[7] J. Hammer, Unsolved Problems Concerning Lattice Points, Pitman, London, 1977.
[8] K. Kołodziejczyk, Hex-triangles with one interior H-point, Ars Combin. 70 (2004) 33–45.
[9] K. Kołodziejczyk, D. Olszewska, On some conjectures by Rabinowitz, Ars Combin. 79 (2006) 171–188.
[10] K. Kołodziejczyk, J.R. Reay, Primitive and mensurable Hex-triangles, Geom. Dedicata 43 (1992) 233–241.
[11] S. Rabinowitz, A census of convex lattice polygons with at most one interior lattice point, Ars Combin. 28 (1989) 83–96.
[12] S. Rabinowitz, On the number of lattice points inside a convex lattice n-gon, Congr. Numer. 73 (1990) 99–124.
[13] P.R. Scott, On convex lattice polygons, Bull. Austral. Math. Soc. 15 (1976) 395–399.
[14] P.R. Scott, The fascination of the elementary, Amer. Math. Monthly 94 (1987) 759–768.
[15] C.S. Weaver, Geoboard triangles with one interior point, Math. Mag. 50 (1977) 92–94.
[16] J.M. Wills, Über konvexe Gitterpolygone, Comment. Math. Helv. 48 (1973) 188–194.
